The breakdown magnetic field is the key parameter which determines the performance of superconducting radio-frequency cavities. This is the maximum field up to which the Meissner state remains stable and in uniform material, it is approximately given by the thermodynamic field. There are several recent suggestions to use nonuniform structures to enhance the breakdown field. One of possible realizations of such structure is depth profile of the scattering rate which, in the first approximation, modifies the London penetration depth but does not change the thermodynamic field. In this paper, we evaluate the optimal profile of the London penetration depth for which the screening current density reaches the local depairing value simultaneously at every point within finite-size region. Such profile is realized for close-to-linear decrease of the London penetration depth within the length scale proportional to its value at the surface. Achieving noticeable enhancement of the breakdown field, however, requires strong enhancement of the London length within large region without affecting the thermodynamic field.
Niobium-based superconducting radio-frequency (SRF) cavities became the technology of choice in modern particle accelerators [1] [2] [3] [4] . The cavity performance is determined by two major parameters: the quality factor Q and the breakdown field B br . The latter parameter is especially important because it determines the maximum achievable accelerating gradient. In the simplest static picture, the breakdown field for a uniform material is determined by the metastability field of the Meissner state which is close to the thermodynamic field B c . At this field the current density at the surface is close to the depairing limit j d . After several decades of technological progress, the breakdown fields in modern SRF cavities are almost reached the theoretical limit for Nb, B c ≈ 200mT.
There are several recent suggestions to use multilayers or nonuniform structures to improve cavity performance [4] [5] [6] [7] . In particular, it was demonstrated that either the layer with enhanced scattering 5 or continuously decaying scattering rate 7 may noticeably enhance the breakdown field in comparison with the uniform case. The mechanism of this positive effect is the local increase of the London penetration depth, λ, without changing of B c . Even though this increase suppresses the local depairing current density, j d ∝ B c /λ, it spreads the current over larger depth leading to overall increase of the maximum screening current and, consequentially, the breakdown field. In the recent work 7 this effect was quantitatively demonstrated using a microscopic calculation of the static breakdown field for exponentially decaying scattering rate. It was discovered recently that the nitrogen injection improves the performance of niobium SRF cavities 8, 9 . The above "dirty-layer" mechanism provides a reasonable explanation for the observed positive effect on B br . In view of these developments, a natural question arises: what λ profile would provide the maximum possible enhancement of B br ? This short paper addresses this issue within the simplest theoretical framework of the linear London model.
We assume a nonuniform profile of impurity concentration leading to the coordinate-dependent mean-free path l(x). Increasing scattering rate increases the local London penetration depth, in the dirty limit λ(x) = λ 0 ξ 0 /l(x) where ξ 0 and λ 0 are the zero-temperature clean-limit coherence and London lengths. Within the BCS scenario, the scattering does not affect neither the transition temperature nor the thermodynamic field, which is inversely proportional to the product λ(x)ξ(x). This property is usually referred to as Anderson's theorem. To be precise, the breakdown field does not exactly coincide with the thermodynamic field and has weak nonmonotonic dependence on the scattering rate 10 . This subtle effect is beyond the scope of our consideration.
Our goal is to find the profile λ(x) for which the screening current density reaches the local depairing value simultaneously at every points within the finite-size region, 0 < x < x 0 . We will evaluate such profile basing on the simplest London linear regime, within which the decay of the vector potential is described by equation
Even though the linear regime definitely breaks in the critical state, it nevertheless is sufficient for qualitative estimates. In addition, the simplicity of the approach allows us to trace the physical origin of the described effect in the clearest possible way. The maximum local current density j(x) = [c/4πλ 2 (x)]A(x) can not exceed the depairing current density j d (x) ∝ cB c /λ(x). This means that in the critical state, in which the current density is at the depairing level at every point, the maximum vector potential has to scale as A max (x) ∝ B c λ(x). Therefore, the profile λ(x), for which such critical state realizes, satisfies the following equation
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We assume that for x > x 0 the London penetration depth is constant, λ(x) = λ(x 0 ) = λ 0 . Equation (2) has the first integral
meaning that
For fixed λ profile, in addition to the required solution, A(x) ∝ λ(x), the second-order equation (1) has also another independent solution. To assure that the true dependence is indeed A(x) ∝ λ(x) without admixture from this second solution, it has to satisfy the continuity condition at x = x 0 for A(x) and its derivative. This leads to condition
meaning that we have to select the negative sign in Eq. (3) and the parameters λ 0 and λ min are connected by relation ln 
with λ max = λ(0). This implicit dependence can also be expressed in terms of the Dawson integral
The example of such dependence λ(x) for λ max /λ 0 = 5 is shown in the lower panel of Fig. 1 . In the range λ max , λ(x) λ min , using large-x asymptotic of the Dawson integral, F (x) 1/2x, we obtain λ max ln λ 2 max
corresponding to approximately linear decrease of λ(x). Figure 1 also shows the distributions of the local current j(x) and magnetic field B(x) for the critical state, where
λ(x) and B(x) ≈ B c ln eλ 2 (x) λ 2 0 for x < x 0 and j(x) ≈ j d0 exp (−x/λ 0 ) and B(x) ≈ B c exp (−x/λ 0 ) for x > x 0 . Here j d0 ∝ cB c /λ 0 is the depairing current in the uniform region. Note that, in contrast to uniform state, the current reaches maximum not at the surface but inside superconductor, at x = x 0 . 
or √ 2λ max F ln
761. The plot of x 0 /λ 0 vs λ max /λ 0 is shown in the inset of Fig. 1 . In the range 2 λ max /λ 0 8, the distance x 0 is roughly half of λ max . The screening efficiency can be conveniently characterized by the effective penetration depth
for which we derive a closed analytical result,
showing that this length is mostly determined by λ max .
The breakdown field is proportional to the total current flowing in the screening region,
and the current enhancement with respect to the uniform case can be estimated as 
where the derivative of λ is connected with its value at the surface, Eq. (3). Therefore, the breakdown field enhancement with respect to the uniform case can be represented as
This dependence is plotted in Fig. 2 . Formally, within this simple model, the increase of B br can be arbitrarily large. This increase, however, is a very slow function of the ratio λ max /λ 0 and significant enhancement requires controlled strong suppression of λ within a wide region. For example, doubling of B br requires increase of λ at the surface by the factor ∼ 4.5. The result in Eq. (10) can be compared with the breakdown field enhancement for the uniform dirty layer 4, 5 . In this case for the optimal thickness of this layer, the screening currents reaches the depairing values simultaneously at the boundary of the dirty layer with free space and at the boundary between the clean and dirty materials. The breakdown field enhancement can be evaluated as B br /B br0 = 2 − λ 2 0 /λ 2 , where λ 0 and λ are the London lengths of the clean material and dirty layer respectively We see that in this case the maximum enhancement for λ λ 0 is √ 2. Going from uniform to distributed dirty layers allows to reach higher enhancements.
To what extend the London length can be practically increased without affecting the thermodynamic field is not well known and deserves thorough investigation. An obvious theoretical limit is set by the condition k F l > 1 giving λ max < λ 0 √ k F ξ 0 ≈ λ 0 F /∆, where k F is the Fermi momentum, F is the Fermi energy, and ∆ is the superconducting gap.
In conclusion, we evaluated profile of the London length for which the critical state is achieved simultaneously within a finite region. For such profile, the significant enhancement of the breakdown field may be achieved but requires large increase of the London length within wide region. The evaluation is based on the simplest linear London theory and has to be further verified by more accurate theoretical models.
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